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Abstract
A graph is called Frobenius if it is a connected orbital regular graph of a Frobenius group. A
Frobenius map is a regular Cayley map whose underlying graph is Frobenius. In this paper, we show
that almost all low-rank Frobenius graphs admit regular embeddings and enumerate non-isomorphic
Frobenius maps for a given Frobenius graph. For some Frobenius groups, we classify all Frobenius
maps derived from these groups.As a result, we construct some Frobenius maps with trivial exponent
groups as a partial answer of a question raised by Nedela and Škoviera (Exponents of orientable maps,
Proc. London Math. Soc. 75(3) (1997) 1–31).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
A map on a surface is a cellular decomposition of a closed surface into 0-cells called
vertices, 1-cells called edges and 2-cells called faces. The vertices and the edges of a map
form its underlying graph. Every edge of a graph gives rise to a pair of opposite arcs
(or darts). A map is orientable if the supporting surface is orientable, and non-orientable
otherwise. Throughout this paper, we deal with only orientable maps. Typically, a map on
a surface is constructed by a 2-cell embedding of a connected graph into a surface. Graphs
considered in this paper are ﬁnite, connected, undirected and simple.
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In a combinatorial way, an orientedmapM can be described as a triple (D;R,L), where
D = D(M) is a non-empty ﬁnite set of darts which are incident vertex–edge pairs, and
R and L are two permutations of D such that L is an involution and the generated group
〈R,L〉 acts transitively on D. The group 〈R,L〉 is called the oriented monodromy group
ofM, and denoted by Mon(M). The permutations R and L are called the rotation and the
dart-reversing involution ofM, respectively. The orbits of the group 〈R〉 are the vertices of
M, and the elements of an orbit v of 〈R〉 are the darts emanating from the vertex v, that is, v
is their initial vertex. In the cyclic decomposition of the permutation R, the cycle permuting
the darts emanating from a vertex v is called the local rotation Rv at v. The orbits of 〈L〉
and 〈RL〉 are the edges and the faces ofM, respectively. The incidence between vertices,
edges and faces is given by a non-trivial set intersection. The vertices and the edges deﬁne
the underlying graph ofM, which is always connected due to the transitive action of the
monodromy group.
On the other hands, for a given underlying graph, its 2-cell embedding into an orientable
surface can be described by a rotation R which cyclically permutes the arcs initiated at
each vertex in , because the arc-reversing involution L is determined as a permutation
interchanging oppositely directed arcs arising from the same edge.
Given a ﬁnite groupG and a generating set S ofG such that S=S−1 and 1 /∈ S, theCayley
graph=C(G, S) onG relative to S has vertex setG and edge set {{g, gs} | g ∈ G, s ∈ S}.
For any cyclic permutation  on S, one can deﬁne the Cayley mapM=CM(G, S, ) to be
a 2-cell embedding of  into an orientable surface, with the same local orientation induced
by the permutation  at every vertex.
For a graph , every edge of  gives rise to a pair of opposite arcs. Let V (), E(),
A() and Aut () denote the vertex set, the edge set, the arc set and the full automorphism
group of , respectively. A graph  is said to be vertex-transitive, edge-transitive or arc-
transitive if Aut () acts transitively on V (),E() orA(), respectively. It is well known
that Cayley graphs are vertex-transitive with the regular G-action on the vertices by left
multiplication.
Given two oriented mapsM= (D; R,L) andM′ = (D′; R′, L′), amap homomorphism
 :M→M′ is a function  : D → D′ such that
R = R′ and L= L′.
Since graphs are assumed to be connected, a map homomorphism  is surjective. If it
is also one-to-one, it is called an isomorphism of the maps. Furthermore, if M =M′,
an isomorphism of the map is an automorphism of M. The set of all automorphisms of
M forms a group under composition, called the automorphism group ofM and denoted
by Aut (M). By the deﬁnition, the automorphism group Aut (M) is the centralizer of the
monodromy group Mon(M) in the symmetry group SD .
Since the monodromy group Mon(M) acts transitively and the automorphism group
Aut (M) acts semiregularly onD(M), we have |Mon (M)| |D(M)| |Aut (M)| for any
oriented map M. It is well known that the ﬁrst equality holds if and only if the second
equality holds, so that if one equality holds then both groups Mon(M) and Aut (M) act
regularly (i.e., transitively and semiregularly) onD(M). In this case, the mapM is said to
be regular. The corresponding embedding of the underlying graph into a surface is also said
to be regular. History of regular maps includes the discovery of Klein (1878) who described
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a 3-valent heptagonal regular map on the orientable surface of genus 3. In its early times, the
study of regular maps was closely connected with group theory. One can see it in Coxeter
and Moser’s book [4, Chapter 8]. The present-time interest in regular maps extends to their
connection to Dyck’s triangle groups, Riemann surfaces, algebraic curves, Galois groups
and other areas. Many of these links are surveyed in the recent paper of Jones [11]. One
can also refer to McMullen and Schulte’s book [12] for more information on regular maps.
The classiﬁcation problem of regular maps has been pursued along the following two main
directions:
(1) Classifying regular maps by genus [3,4,6],
(2) Classifying regular maps by underlying graphs [10,13,14].
This paper is related to the second direction. Since a connected graph  having a regular
embedding must be arc-transitive, a regular embedding of a Cayley graph has been of
particular interest formore than a hundred years.Among themany articles devoted toCayley
maps, let us mention at least the following few and the references therein: [2,8,9,15,16].
A Frobenius group is a transitive permutation group G on a set V which is not regular on
V , but has the property that the only element of G which ﬁxes more than one point is the
identity element. Throughout this paper, we assume that all groups considered are ﬁnite.
It was shown by Thompson [17,18] that a ﬁnite Frobenius group G has a nilpotent normal
subgroup K, called the Frobenius kernel, which acts regularly on V . Thus, K is the direct
product of its Sylow subgroups and G is the semidirect product K : H , where H is the
stabilizer of a point of V . A stabilizer H is not unique, but any two of them are conjugate
Table 1
Frobenius groups with non-p-group Frobenius kernels
H K |Aut ()| |Aut ()1| H K |Aut ()| |Aut ()1|
Z18 Z19 × Z37 12654 18 Z15 Z42 × Z31 14880 30
Z12 Z13 × Z25 3900 12 Z12 Z13 × Z37 5772 12
Z10 Z11 × Z31 3410 10 Z10 Z11 × Z41 4510 10
Z8 Z
2
3 × Z17 1224 8 ∗Z8 Z23 × Z25 1800 8
Z8 Z
2
3 × Z41 2952 8 Z7 Z32 × Z29 3248 14
Z7 Z
3
2 × Z43 4816 14 Z6 Z7 × Z13 546 6
Z6 Z7 × Z19 798 6 Z6 Z7 × Z25 1050 6
Z6 Z7 × Z31 1302 6 Z6 Z7 × Z37 1554 6
Z6 Z13 × Z19 1482 6 Z5 Z11 × Z42 1760 10
Z4 Z5 × Z23 180 4 Z4 Z5 × Z13 260 4
Z4 Z5 × Z17 340 4 Z4 Z5 × Z29 580 4
Z4 Z5 × Z37 740 4 Z4 Z23 × Z13 468 4
Z4 Z
2
3 × Z17 612 4 Z3 Z22 × Z7 168 6
Z3 Z
2
2 × Z13 312 6 Z3 Z22 × Z19 456 6
∗Z3 Z22 × Z25 1200 12 Z3 Z22 × Z31 744 6
Z3 Z
2
2 × Z37 888 6 Z3 Z7 × Z13 546 6
Z3 Z7 × Z24 672 6 Z3 Z7 × Z19 798 6
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Table 2
Frobenius groups with p-group Frobenius kernels
H K |Aut ()| |Aut ()1| H K |Aut ()| |Aut ()1|
Z46 Z472 101614 46 Z42 Z432 77658 42
Z40 Z412 67240 40 Z36 Z372 49284 36
Z30 Z312 28830 30 Z28 Z292 23548 28
Z22 Z232 11638 22 Z18 Z192 6498 18
Z16 Z172 4624 16 Z12 Z132 2028 12
Z11 Z232 11638 22 Z10 Z112 1210 10
Z9 Z192 6498 18 Z8 Z172 2312 8
Z6 Z72 294 6 Z6 Z132 1014 6
Z5 Z112 1210 10 Z4 Z25 100 4
Z4 Z132 676 4 Z3 Z72 294 6
Table 3
Frobenius groups of rank 50 which need further investigation
|H | H K |H | H K
31 Z31 K/Z52Z
5
2 26 Z26 Z
3
9
24 ? Z225 15 ? K/Z
4
2Z
4
2
8 ? Z29 7 Z7 K/Z
3
2Z
3
2
3 Z3 K/Z22Z
2
2
because of the vertex transitivity of the action. Such a subgroup H is called a Frobenius
complement of K in G. Gorenstein ([7, pp. 38, 339]) showed that every element of H\{1}
induces an automorphism of K by conjugation which ﬁxes only the identity element of K.
For a group-theoretic terminology not deﬁned in this paper, we refer the reader to [7,20].
The rank of the Frobenius groupG, denoted by r(G), is the number of orbits ofH in K, that
is r(G) = 1 + (|K| − 1)/|H |. When the Frobenius kernel is not elementary abelian (that
is, it is not isomorphic to Zmp for any m1 and any prime p), Wang et al. [19] classiﬁed all
the Frobenius groups G = K : H with 6r(G)50, which are listed in Tables 1–3. For
a classiﬁcation of Frobenius groups of r(G)5, we refer the reader to [5]. Fang et al. [5]
introduced a Frobenius graph as an orbital regular graph of a Frobenius group and showed
that a Frobenius graph is a Cayley graph of the Frobenius kernel. InTables 1 and 2, for each
Frobenius group G=K : H , we use  to denote a Frobenius graph derived from G.And,
by Aut ()1, we denote the point stabilizer of the identity.
This paper is organized as follows. In Section 2, we discuss some properties of Frobenius
graphs and their embeddings into orientable surfaces as Cayley maps. In Section 3, we
prove that almost all low-rank Frobenius graphs admit regular embeddings, called Frobe-
nius maps in this paper. And we classify the Frobenius maps up to isomorphism. For the
results, see Theorems 3.7 and 3.11. Using these results, in Section 5, we construct Frobe-
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nius maps with trivial exponent groups, see Theorems 5.1 and 5.2, as a partial answer of a
question raised by Nedela and Škoviera in [14]. In Section 4, for some Frobenius groups,
we classify all the Frobenius maps derived from these groups, see Theorems 4.2, 4.3 and
Corollary 4.4.
2. Properties of Frobenius graphs
Given a permutation group G on a set V , the G-action on V induces a natural action
on V × V by (x, y)g = (xg, yg) for (x, y) ∈ V × V and g ∈ G. The orbits of G in the
action on V × V are called orbitals. Note that the set  = {(x, x)|x ∈ V } is G-invariant
as well as the set c = {(x, y)|x, y ∈ V, x = y}. A G-orbit in  is called a trivial orbital
and that in c is called a non-trivial orbital. Let  be a connected graph with vertex set
V , and let GAut (). Then  is said to be a G-orbital regular graph if G is regular on
each of its orbitals in c, and there is a non-trivial G-orbital O such that the edge set is
E()= {{x, y}|(x, y) ∈ O}. A graph  is orbital regular if it is G-orbital regular for some
GAut ().
Fang et al. [5] introduced a Frobenius graph as follows:
Deﬁnition 2.1. Let G be a Frobenius group on a set V. A G-Frobenius graph is deﬁned to
be a connected graph  with vertex set V ()=V and edge set E()={{x, y}|(x, y) ∈ O}
for some non-trivial G-orbital O in c.
LetG=K : H be a Frobenius group on a set V and let  be a G-Frobenius graph. Since
K is regular on the vertex set V of , we may identify V with K in such a way that K acts
by the left multiplication.
Example 2.1. For any prime number p, the group G = Zp : Zp−1 is a Frobenius group,
where K = Zp and H = Zp−1. Here, the group G acts on K in such a way that K acts on
itself by translation and H acts on K by multiplication. Thus, G acts regularly on (K ×K)c
and the G-Frobenius graph is isomorphic to the complete graph Kp.
Clearly, every Frobenius graph is orbital regular. Fang et al. showed that almost all orbital
regular graphs are Frobenius.
Lemma 2.1 (Fang et al. [5]). Let  be a graph with n vertices and let GAut (). Then
 is G-orbital regular if and only if one of the following holds:
(1)  is a G-Frobenius graph or,
(2) = Cn, a cycle of length n, and G= Zn for n3 or,
(3) =K1,n−1, a bipartite graph and G= Zn−1 for n3.
Let C(G, S) be a Cayley graph. By an ordered pair (g, x) ∈ G × S, we denote an arc
with initial vertex g and terminal vertex gx, and say that the arc (g, x) has color x. Clearly,
the number of arcs in a Cayley graph C(G, S) is equal to |G| · |S|. For elements x, y in a
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Fig. 1. The automorphism  preserving the color of arcs.
groupG, we shall write xy to denote the conjugate y−1xy and yx to denote yxy−1. If H is
a subgroup of G and x ∈ G, then xH = {xh|h ∈ H }.
LetG=K : H be a Frobenius group with Frobenius kernelK and Frobenius complement
H. The next lemma shows that all Frobenius graphs are Cayley graphs.
Lemma 2.2 (Fang et al. [5, Theorem 1.4]). Let G = K : H be a Frobenius group with
Frobenius kernel K and Frobenius complement H. Then a G-Frobenius graph is a Cayley
graph C(K, S) for K and for some generating subset S of the form
S =
{
xH if |H | is even or |x| = 2,
xH ∪ (x−1)H if |H | is odd and |x| = 2, (1)
where x ∈ K such that 〈xH 〉 =K . Conversely, if x ∈ K satisﬁes 〈xH 〉 =K , then C(K, S)
is G-Frobenius with S deﬁned in Eq. (1).
From now on, whenever we say S = xH ∪ (x−1)H , it is assumed that xH = (x−1)H .
Jajcay characterized the Cayley graphs admitting regular Cayley maps.
Lemma 2.3 (Jajcay [9, Theorem 2]). Let  = C(G, S) be a Cayley graph. Suppose that
there exists a graph automorphism  of  ﬁxing 1, acting cyclically on S and satisfying
((a)−1(ax))= (a)−1(a(x)) (2)
for any a ∈ G and x ∈ S.Then, admits a regularCayleymapCM(G, S, |S).Conversely,
if  admits a regular Cayley map, then such a graph automorphism  of  exists.
One can see that the graph automorphism  in Lemma 2.3 satisﬁes Eq. (2) if and only if
 preserves the color of arcs, as shown in Fig. 1.
3. Regular embeddings of Frobenius graphs
Let G=K : H be a Frobenius group and let = C(K, S) be a Frobenius graph with S
deﬁned in Eq. (1). In this section, we determine some conditions under which the Frobenius
graph  can be regularly embedded into an orientable surface and classify all of such
embeddings up to isomorphism.
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Lemma 3.1. Let G = K : H be a Frobenius group and let  = C(K, S) be a Frobenius
graph with S deﬁned in Eq. (1). Then, H is isomorphic to a subgroup, also denoted by H, of
Aut (). Moreover,
(1) if S = xH , H acts regularly on the arcs emanating from the identity;
(2) if S = xH ∪ (x−1)H , H acts semi-regularly on the arcs emanating from the identity.
Proof. Because G = K : H is a Frobenius group, H is a subgroup of Aut (K). In fact, H
acts semi-regularly on K\{1} by conjugation. For each h ∈ H , according to the deﬁnition
of S, one can naturally extend the action of h on K to the action of h on  as follows: for
any arc (k, y) ∈ D() = K × S, h(k, y) = (kh, yh). The action preserves the adjacency
of the graph , so that h ∈ Aut (). It means that H can be considered as a subgroup of
Aut (). For any h ∈ H , the only element in K that is ﬁxed under the action of h is the
identity element. Thus, if S= xH , H acts regularly on the arcs emanating from the identity,
and if S = xH ∪ (x−1)H , H acts semi-regularly on the same set. 
Let G = K : H be a Frobenius group and let  = C(K, S) be a Frobenius graph with
S = xH ∪ (x−1)H , so that K is assumed to be abelian. Deﬁne  : G → G as follows:
(i) For any h ∈ H, (h)= h;
(ii) For any k ∈ K, (k)= k−1;
(iii) For any g=kh ∈ G, let (g)= (k)(h)= k−1h. (3)
It is easy to see that  is a bijection on the group G, (H)=H , (K)=K and (1)= 1.
For any g1, g2 ∈ G, let g1 = k1h1 and g2 = k2h2. Then g1g2 = k1(h1k2)h1h2. A direct
calculation shows that (g1g2)= k−11 (h1(k−12 ))h1h2 = (g1)(g2). So,  ∈ Aut (G).
Moreover, the automorphism  ∈ Aut (G) can be extended to an automorphism of the
Frobenius graph  as follows: (use the same notation  for an extended automorphism for
notational convenience). For any arc (k, y) ∈ D()=K×S, deﬁne (k, y)=((k), (y))=
(k−1, y−1). Clearly,  preserves the adjacency relation of . Since  is assumed to be a
simple graph without semiedges, loops or multiple edges,  ∈ Aut ().
Let A = Aut () to simplify a notation and let A1 denote the stabilizer of the identity
element 1.
Lemma 3.2. The automorphism  ∈ A satisﬁes the following properties:
(1) the order of  is || = 2;
(2) (1, y)= (1, y−1) for any y ∈ S;
(3)  · h= h ·  for any h ∈ H ;
(4) if |A| = 2|K||H |, then AK : (H × 〈〉) and A1H × 〈〉;
(5) H × 〈〉 acts transitively on the arcs emanating from the identity.
Proof. (1) and (2) follow immediately from the deﬁnition of .
(3) For any arc (k, y),  · h(k, y) = (kh, yh) = ((k−1)h, (y−1)h) and h · (k, y) =
h(k−1, y−1)= ((k−1)h, (y−1)h).
(4) For any k1, k2 ∈ K , k2(k1, y) = k2(k−11 , y−1) = (k2k−11 , y−1) = (k−12 k1, y) =
k−12 (k1, y). So, 〈〉NA(K). According to (2), (3) and |A| = 2|K||H |, we have AK :
(H × 〈〉) and A1H × 〈〉.
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(5) Given two arcs (1, xhi ) and (1, (x−1)hj ), we have (h−1i hj ) ·(1, xhi )= (1, (x−1)hj ).
Since H acts transitively on xH and (x−1)H , respectively, one can get the conclusion. 
Theorem 3.3. Let G=K : H be a Frobenius group and let = C(K, S) be a Frobenius
graph with S deﬁned in Eq. (1). When S = xH ∪ (x−1)H , we assumed that K is abelian.
Then,  is arc-transitive.
Proof. Since the Frobenius graph = C(K, S) is vertex-transitive, we only need to show
that the point stabilizerA1 acts transitively on the arcs emanating from the identity element
1. If S = xH , by Lemma 3.1, HA1 and it acts regularly on the arcs emanating from
1; if S = xH ∪ (x−1)H , by Lemma 3.2, H × 〈〉A1 which acts regularly on the same
arc set. 
In the following, we divide our discussions into two cases, according to the choices of S
in Eq. (1).
Case 1. |H | is even or |x| = 2. In this case, S = xH , x ∈ K and 〈xH 〉 =K .
Theorem 3.4. Let G=K : H be a Frobenius group and let = C(K, S) be a Frobenius
graph with S = xH . If H〈h〉 is cyclic and Aut ()K : H , then  admits a regular
Cayley map CM(K, S, ) if and only if  = ht |S = (x xht · · · xh(m−1)t ) for some integer t
with (t, m)= 1, where m= |H |.
Proof. According to Lemma 2.3,  admits a regular Cayley map if and only if there exists
a graph automorphism  ﬁxing the identity element 1 of K, acting cyclically on S and
satisfying the condition: ((k)−1(ky)) = (k)−1(k(y)) for any k ∈ K and y ∈ S.
From the condition Aut ()K : H , if such a graph automorphism  exists, it belongs to
H. Let =ht . Then, one of the orbits of  acting on S is {x, xht , . . . , xh(m−1)t }. Therefore, 
acts cyclically on S if and only if (t, m)=1.Adirect calculation shows that((k)−1(ky))=
(k)−1(k(y))= yh2t . Let = ht |S , then CM(K, S, ) is a regular Cayley map. 
A Cayley map CM(G, S, ) is balanced if (x−1) = (x)−1 for every x ∈ S, and
antibalanced if (x−1) = (−1(x))−1 for every x ∈ S. Škoviera and Širánˇ [16] showed
that a Cayley map CM(G, S, ) is regular and balanced if and only if there exists a group
automorphism  : G → G such that |S = .
Corollary 3.5. The Cayley maps CM(K, S, ) given in Theorem 3.4 are balanced.
Proof. Because the graph automorphism  mentioned in the proof of Theorem 3.4 is a
group automorphism, the Cayley maps given in Theorem 3.4 are all balanced. 
The genus of a mapM is deﬁned as the genus of its supporting surface.
Corollary 3.6. If K is abelian and |H | is a multiple of 4, then the genus of the Cayley map
CM(K, S, ) given in Theorem 3.4 is g = 14 (4− 4|K| + |K||H |).
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Proof. According toTheorem 3.4, Corollary 3.5 and the assumption of |H |, one can assume
|H |=4n for some integer n and =(x1 x2 . . . x2n x−11 x−12 . . . x−12n ). Take an arc (1, x1) and
consider the orbit of RL including (1, x1). Because K is abelian, the orbit has the following
|H | arcs:
(1, x1), (x2, x−12 ), (x2x
−1
3 , x3), . . . , (x2x
−1
3 · · · x2n, x−12n ),
(x2x
−1
3 · · · x2nx1, x−11 ), (x2x−13 · · · x2nx1x−12 , x2), . . . ,
(x2 · · · x2nx1x−12 · · · x−12n , x2n).
Hence, the 2-cells in the Cayley map CM(K, S, ) are all topological |H |-gons. Let
|V |, |E|, |F | denote the number of vertices, edges and faces of the map, respectively. Then,
in case of the Cayley maps given in Theorem 3.4, |V |=|K|, |E|= 12 (|K||H |) and |F ||H |=|K||H |, that is |F |=|K|. From the Euler–Poincare´ characteristic, 2−2g=|V |−|E|+|F |,
one can get g = 14 (4− 4|K| + |K||H |). 
Deﬁnition 3.1. LetG=K : H be a Frobenius group and letC(K, S) be a Frobenius graph.
If a Cayley map CM(K, S, ) is regular, it is called a Frobenius map.
Example 3.1. Consider the Frobenius group G = Z5 : Z4, where K = Z5 and H = Z4.
Take S = {±1,±2} and let  = (1# − 2# − 1#2), then CM(K, S, ) is a Frobenius map.
In fact, it is a regular embedding of the complete graph K5 into the torus.
Recall that the Euler’s totient function  : N→ N is deﬁned as (1)= 1 and for n2,
(n) is the number of positive integers less than n and relatively prime to n.
Theorem 3.7. LetG=K : H be a Frobenius group withK =P1× · · ·×Pt , where Pi are
the distinct Sylow subgroups of K, and letH〈h〉 be cyclic, saym=|H |. Let =C(K, S)
be a Frobenius graph with S=xH for some x ∈ K such that 〈xH 〉=K . IfAut ()K : H
and there exists at least one Sylow subgroup, say P1, such that Aut (P1) is abelian, then 
admits (m) non-isomorphic Frobenius maps.
Proof. By Theorem 3.4, a Cayley map CM(K, S, ) is regular if and only if  =
(x xh
t · · · xh(m−1)t ) for some integer t with (t, m) = 1. Therefore, to prove the theorem,
it is sufﬁcient to show that for any two distinct integers 1 t1 = t2m, with (ti , m) = 1,
i = 1, 2, the Cayley maps CM(K, S, 1) and CM(K, S, 2) are not isomorphic, where
1 = (x xh
t1 · · · xh(m−1)t1 ) and 2 = (x xh
t2 · · · xh(m−1)t2 ).
Suppose thatCM(K, S, 1)CM(K, S, 2). BecauseCM(K, S, 1) andCM(K, S, 2)
are balanced regular Cayley maps, by the results in [15, Corollary 5.3], there exists a group
automorphism  ∈ Aut (K) such that (xhrt1 )= xh(r+j)t2 for any 0rm− 1 and a ﬁxed
j with 0jm− 1.
SinceK=P1×· · ·×Pt and Aut (K)=Aut (P1)×· · ·×Aut (Pt ), one may assume that
x= x1 . . . xt with xi ∈ Pi, 〈xHi 〉 =Pi and = 1 . . . t with i ∈ Aut (Pi). Therefore, from
(xh
rt1
) = xh(r+j)t2 , we get i (xhrt1i ) = xh
(r+j)t2
i for each 1 i t . When i = 1, it follows
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that 1(xh
rt1
1 ) = xh
(r+j)t2
1 . On the other hand, by the assumption that Aut (P1) is abelian,
we have 1(xh
rt1
1 )= (1(x1))h
rt1 = xhrt1+j t21 . Therefore, xh
rt1+j t2
1 = xh
(r+j)t2
1 . It means that
m|r(t1 − t2) for any 0rm− 1, we get t1 = t2. This completes the proof. 
Case 2. |H | is odd and |x| = 2. In this case, S = xH ∪ (x−1)H for some x ∈ K and
〈xH 〉 = K . In this case, K is assumed to be abelian. From the deﬁnition of  given in Eq.
(3), it is easy to see that  ∈ Aut (K).
Lemma 3.8. LetG=K : H be a Frobenius group and =C(K, S) be a Frobenius graph
with S = xH ∪ (x−1)H . If K is abelian and H〈h〉 is cyclic, say |H | =m, then hij is a
cyclic permutation of S if and only if (i,m)= 1 and j = 1.
Proof. If j=0, clearly hi is not a cyclic permutation of S for any 1 im; if j=1, because
m is odd, one of the orbits under the action of hi on S is
{x, (x−1)hi , xh2i , . . . , xh(m−1)i , x−1, . . . , (x−1)h(m−1)i }.
Therefore, hi is a cyclic permutation on S if and only if xhti = xhri whenever t = r , or
equivalently, (i,m)= 1. 
Theorem 3.9. Let G=K : H be a Frobenius group and let = C(K, S) be a Frobenius
graph with S = xH ∪ (x−1)H . If K is abelian, H〈h〉 is a cyclic group and Aut ()K :
(H × 〈〉) with the  given in Eq. (3), then  admits a regular Cayley map CM(K, S, )
if and only if = hi|S for some integer i with (i, |H |)= 1.
Proof. By Lemma 2.3,  admits a regular Cayley map if and only if there exists a function
 ∈ Aut () ﬁxing the identity element 1, acting cyclically on S and satisfying the condition:
((k)−1(ky)) = (k)−1(k(y)) for any k ∈ K and y ∈ S. Because Aut ()K :
(H × 〈〉), if such a function  exists, it must belong to H × 〈〉. From Lemma 3.8, one
can assume that  = hi for some integer i, with (i, |H |) = 1. For any k ∈ K, y ∈ S, a
direct calculation shows that ((k)−1(ky))=yh2i =(k)−1(k(y)). Let =hi|S , then
CM(K, S, ) is a regular Cayley map. 
By a method similar to Corollaries 3.5 and 3.6, one can get the following one.
Corollary 3.10. The Frobenius mapsCM(K, S, ) given in Theorem 3.9 are all balanced.
Moreover, if |H | is even, their genera are g = 12 (2− 2|K| + |K||H |).
Theorem 3.11. Let G = K : H be a Frobenius group with an abelian Frobenius kernel
K =P1× · · · ×Pt , where Pi are the distinct Sylow subgroups of K, andH〈h〉, |H | =m,
is a cyclic group. Let = C(K, S) be a Frobenius graph with S = xH ∪ (x−1)H for some
x ∈ K such that 〈xH 〉=K . IfAut ()K : (H ×〈〉) with the  given in Eq. (3) and there
exists at least one Sylow subgroup, say P1, such that Aut (P1) is abelian, then  admits
(m) non-isomorphic Frobenius maps.
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Proof. By Theorem 3.9, a Cayley map CM(K, S, ) is regular if and only if
=(x (x−1)ht xh2t · · · xh(m−1)t x−1 · · · (x−1)h(m−1)t ) for some integer twith (t, m)=1.There-
fore, to prove the theorem, it sufﬁces to show that for any two distinct integers 1 t1 =
t2m, with (t1,m)=1 and (t2,m)=1, the CayleymapsCM(K, S, 1) andCM(K, S, 2)
are not isomorphic, where
1 = (x (x−1)h
t1
xh
2t1 · · · xh(m−1)t1x−1 · · · (x−1)h(m−1)t1 )
and
2 = (x (x−1)h
t2
xh
2t2 · · · xh(m−1)t2 x−1 · · · (x−1)h(m−1)t2 ).
Suppose thatCM(K, S, 1)CM(K, S, 2) for some integers 1 t1, t2mwith (t1,m)=
1 and (t2,m) = 1. Since CM(K, S, 1) and CM(K, S, 2) are balanced regular Cayley
maps, there exists a group automorphism  ∈ Aut (K) such that ((xε)hrt1 )= (xε′)h(r+j)t2
for any 0rm − 1 and a ﬁxed j, 0jm − 1, where ε, ε′ = ±1 and ε′ = (−1)j ε.
Since K = P1 × · · · × Pt and Aut (K)= Aut (P1)× · · · × Aut (Pt ), one may assume that
x= x1 · · · xt with xi ∈ Pi, 〈xHi 〉 =Pi and = 1 · · · t with i ∈ Aut (Pi). Therefore, from
((xε)h
rt1
)= (xε′)h(r+j)t2 , we get i ((xεi )h
rt1
)= (xε′i )h
(r+j)t2 for each 1 i t .When i = 1,
it follows that 1((xε1)
hrt1 )= (xε′1 )h
(r+j)t2
. While by the assumption that Aut (P1) is abelian,
we have 1((xε1)
hrt1 ) = (1(xε1))h
rt1 = (xε′1 )h
rt1+j t2
. Therefore, (xε′1 )
hrt1+j t2 = (xε′1 )h
(r+j)t2
.
It means that m|r(t1 − t2) for any 0rm− 1, implying that t1 = t2. This completes the
proof. 
Note: From Tables 1 to 3, one can see that for Frobenius groups with rank 6r50,
except for those listed in Table 3 and the two Frobenius groups marked by a “*” in Table 1,
they satisfy the assumptions in Theorems 3.4, 3.7, 3.9 and 3.11. Therefore, the conditions
in Theorems 3.4, 3.7, 3.9 and 3.11 are not very restrictive. An interesting result is that for
each of these Frobenius graphs, its automorphism group is equal to that of the Frobenius
maps it admits.
4. Frobenius maps of some Frobenius groups
Given a Frobenius group G = K : H with Frobenius kernel K, Lemma 2.2 says that a
graph  is G-Frobenius if and only if it is isomorphic to a Cayley graph C(K, S) for some
S=S0∪S−10 (possible S0=S−10 ) and S0 runs over allH-orbits inK each of which generates
K. Let
	= {S0 ∪ S−10 |S0 is an H -orbit in K and 〈S0〉 =K}.
Given S=S0 ∪S−10 ∈ 	, letMS denote the set of all non-isomorphic Frobenius maps with
underlying graph C(K, S).
Lemma 4.1 (Fang et al. [5, Theorem 3.5]). Let G = K : H be a Frobenius group with
Frobenius kernel K, say K = P1 × · · · × Pt , where Pi are the distinct Sylow subgroups of
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K. If, for each i = 1, . . . , t , the normalizer NAut(K)(H) is transitive on the set of H-orbits
in Pi each of which generates Pi , then all G-Frobenius graphs are isomorphic.
Theorem 4.2. LetG=K : H be a Frobenius groupwith Frobenius kernelK=P1×· · ·×Pt
and a cyclic Frobenius complementH.Assume that there exists anS=S0∪S−10 ∈ 	 such that
S0 = S−10 and Aut (C(K, S))K : H . If for each i = 1, . . . , t , the centralizer CAut(K)(H)
is transitive on the set of H-orbits in Pi each of which generates Pi , then up to isomorphism,
MS =MS′ for any two S, S′ ∈ 	.
Proof. By Lemma 4.1, under the assumption that CAut(K)(H) is transitive on the set of
H-orbits in Pi each of which generates Pi , we know that for any two elements in 	, say
S1 and S2, C(K, S1)C(K, S2). Consequently, Aut (C(K, S1))Aut (C(K, S2)); and if
there exists an S = S0 ∪ S−10 ∈ 	 such that S0 = S−10 , then for any S
′ = S ′0 ∪ S
′−1
0 ∈ 	, we
have S ′0 = S
′−1
0 .
LetCM(K, Sj , j ) for j =1, 2 be twoG-Frobenius maps with S1=xH and S2=yH for
some x, y ∈ K . Let H〈h〉 be cyclic and let |H | = m. By Theorem 3.4, one can assume
that
1 = (x xh
r1 · · · xh(m−1)r1 ) and 2 = (y yh
r2 · · · yh(m−1)r2 ),
for integers 0rj m− 1 and (rj ,m)= 1, j = 1, 2. Since CAut(K)(H) is transitive on 	
and S1, S2 ∈ 	, there exists a  ∈ CAut(K)(H) such that (x)=y. It follows that (xhjr1 )=
((x))h
jr1=yhjr1 for any0jm−1.Thus, if r1=r2, thenCM(K, S1, 1)CM(K, S2, 2).
From Theorems 3.4 and 3.7, we haveMS1 =MS2 . 
By a method similar to Theorem 4.2 and by Theorems 3.9 and 3.11, one can get the
following theorem.
Theorem 4.3. Let G = K : H be a Frobenius group with an abelian Frobenius kernel
K = P1 × · · · × Pt and a cyclic Frobenius complement H. Assume that there exists an
S = S0 ∪ S−10 ∈ 	 such that S0 = S−10 and Aut (C(K, S))K : (H × 〈〉) with the 
given in Eq. (3). If for each i = 1, . . . , t , the centralizer CAut(K)(H) is transitive on the set
of H-orbits in Pi each of which generates Pi , then up to isomorphism,MS =MS′ for any
S, S′ ∈ 	.
Corollary 4.4. Let p be a prime and n = pa11 · · ·patt , where pi are distinct primes. Let
G = K : H be a Frobenius group with cyclic Frobenius complement H and Frobenius
kernel K which is one of the following two cases:
(1) KZn,
(2) KZrp × Zn with (p, n)= 1 and HZpr−1, where paii ≡ 1(modpr − 1).
In each case, if there exists a Frobenius graphC(K, S)whose automorphism group satisﬁes
the conditions in Theorem 4.2 or Theorem 4.3 according to the choices of S, thenMS=MS′
up to isomorphism for any S, S′ ∈ 	.
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Proof. By Theorems 4.2 and 4.3, in either case, we need only to show thatCAut(K)(H) acts
transitively on the set of H-orbits in Pi each of which generates Pi .
(1) Since K is cyclic, Aut(K) is abelian and transitive on generators for K. Note that H
is isomorphic to a subgroup of Aut (K), so CAut(K)(H)= Aut (K).
(2) Since KZrp × Zn, then KZrp × Zpa11 × · · · × Zpatt and Aut (K) = Aut (Z
r
p) ×
Aut (Zn). It follows that Aut (Zn) is a normal subgroup of Aut (K). Let X = H Aut (Zn),
then XAut (K). Clearly, for each 1 i t , Aut (Zn) is transitive on generators for Zpaii
and H is transitive on Zrp\{1}. Thus, X is transitive on the set of H-orbits in Zrp and Zpaii
each of which generates Zrp and Zpaii respectively. On the other hand, Aut (Zn) centralizes
H, and so XCAut(K)(H).
In either case, we have that CAut(K)(H) satisﬁes the conditions in Theorems 4.2
and 4.3. 
5. Frobenius maps with trivial exponent groups
An integer e is called an exponent of an orientable regular mapM ifM= (D;R,L) and
Me = (D;Re,L) are isomorphic. We remake a couple of observations about exponents.
LetM be an orientable regular map of valence r. Firstly, if e is an exponent ofM, then
gcd(r, e)=1. Secondly, if e is an integer and k is a multiple of r, thenMe=Me+k . Thirdly,
if e1 and e2 are exponents, so is e1e2. It follows that the exponents form a subgroup of Z∗r ,
the multiplicative group of the ring of integers module r. We call this group the exponent
group of M and denote it by Ex(M). We say that M has a trivial exponent group if
|Ex(M)| = 1.
The exponent group of an orientable regular map gives us information on the degree of
symmetry of the map. For example, −1 is in the exponent group ofM if and only if the
map is reﬂexible. Clearly, any cubic irreﬂexible regular map (or chiral map) has the trivial
exponent group, but non-cubic examples are less obvious. When p is a prime, the regular
embedding of the complete graph Kp gives such an example.
Generally, for any integer n, Nedela and Škoviera asked [14] for a construction of a
regular map of valency n with trivial exponent group. Archdeacon et al. [1] constructed
such an example by using lifting techniques under the assumption that the base map has a
trivial exponent group.
FromFrobeniusmaps, we provide examples of regularmapswith trivial exponent groups,
as a partial answer of the question raised by Nedela and Škoviera.
Theorem 5.1. Let G=K : H be a Frobenius group with a cyclic Frobenius complement
H〈h〉, say |H |=m.Let=C(K, S) be aFrobenius graphwithS=xH . IfAut ()K : H
and there exists at least one Sylow subgroup ofK, sayP, such thatAut (P ) is abelian, then the
Frobenius mapCM(K, S, ) has the trivial exponent group, where = (x xht · · · xh(m−1)t )
for some integer t with (t, m)= 1.
Proof. If e is an exponent of CM(K, S, ), then CM(K, S, )CM(K, S, e), which
implies e ≡ 1 (modm) by Theorem 3.7. 
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Similarly, one can obtain the following theorem.
Theorem 5.2. Let G = K : H be a Frobenius group with an abelian Frobenius kernel K
and H〈h〉, |H | =m, and let =C(K, S) be a Frobenius graph with S = xH ∪ (x−1)H .
If Aut ()K : (H × 〈〉) with the  given in Eq. (3) and there exists at least one Sylow
subgroup of K, say P, such that Aut (P ) is abelian, then the Frobenius map CM(K, S, )
has the trivial exponent group,where =(x (x−1)hi xh2i · · · xh(m−1)i x−1 · · · (x−1)h(m−1)i )
for some integer i with (i,m)= 1.
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